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Abstract
We reconsider the renormalizability of topological Yang-Mills field theories in (anti-)self-
dual Landau gauges. By employing algebraic renormalization techniques we show that there
is only one independent renormalization. Moreover, due to the rich set of Ward identities,
we are able to obtain some important exact features of the (connected and one-particle
irreducible) two-point functions. Specifically, we show that all two-point functions are tree-
level exact.
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1 Introduction
Topological Yang-Mills theories are, essentially, a pure gauge fixing term, i.e., an exact BRST
term. In four Euclidean dimensions, such actions are usually known as Donaldson-Witten models
[1, 2, 3]. As discussed, for instance, in [4, 5, 6], topological Yang-Mills theories require three
different gauge fixings, two for the gauge field and one for the topological ghost. Typically, one
fixes the divergence of the gauge field, the field strength and the divergence of the topological ghost.
The renormalization properties of such models were investigated in [5, 7, 8, 9]. Particularly in [9],
the renormalizability at all orders in perturbation theory was proven for (anti-)self-dual Landau
gauges. By (anti-)self-dual Landau gauges we mean that the gauge field and the topological ghost
are both transverse and that the field strength is equal to (±) its dual. Remarkably, the authors
found only four independent renormalizations. Moreover, they also found that the theory has a
topological vector supersymmetry which, together with BRST symmetry and translations, form
a supersymmetry algebra of Wess-Zumino type.
In the present work we study the renormalizability of (anti-)self-dual Landau gauges, – the
same gauge considered in [9]. For that, we employ the algebraic renormalization techniques
[10]. As a first novelty, we consider two non-trivial extra symmetries that are present in this
class of gauges. The main consequence of these extra symmetries is that the model actually has
only one independent renormalization. Further consequences of the rich set of Ward identities are
explored in terms of the two-point connected Green functions and the one-particle irreducible (1PI)
functions. We are able to show directly from the Ward identities that many of these functions are
tree-level exact. In particular, the topological gluon (gauge field) two-point functions vanish to
all orders.
Concerning the Faddeev-Popov ghost two-point functions, it is shown that they are equal to
the bosonic ghost (ghost of the ghost) two-point functions. In the same way, the topological ghost
two-point functions are equal to the mixed two-point functions of the gauge field and a Lagrange
multiplier (the one which implements the gauge-fixing for field strength). Nevertheless, from an
explicit loop expansion, we are able to show that all of these two-point functions are also tree-level
exact.
This paper is organized as follows: in Section 2, we discuss the gauge fixing structure of the
classical Witten’s model and describe its quantization; in Section 3, we provide the construction
of the most general counterterm by taking into account the rich set of Ward identities and provide
the proof of quantum stability; Section 4 is devoted to the analysis of the two-point functions and
their properties to all orders in perturbation theory. The special cases of the Faddeev-Popov and
topological ghosts two-point functions as well as the explicit computation of the tree-level gauge
field propagator are discussed in Section 5. Finally, Section 6 contains our concluding remarks.
2 Topological Yang-Mills theories and gauge fixing
Following [4], a topological action So[A] is invariant under (infinitesimal) gauge transformations
of the form
δAaµ = D
ab
µ α
b + αaµ , (2.1)
3
where Aaµ is the gauge field (topological gluon), D
ab
µ = δ
ab∂µ−gf
abcAcµ is the covariant derivative in
the adjoint representation of the gauge group, g is the coupling constant, αa and αaµ are the gauge
parameters. The four-dimensional spacetime is assumed to be Euclidean and flat. The parameter
αa is associated to a semi-simple Lie group G while αaµ is also G-valued and characterizes all other
possible transformations associated to the fact that So[A] is a topological invariant. A direct
consequence of the transformation law (2.1) is that the field strength,
F aµν = ∂µA
a
ν − ∂νA
a
µ + gf
abcAbµA
c
ν , (2.2)
also transforms as a gauge field,
δF aµν = −gf
abcαbF cµν +D
ab
µ α
b
ν −D
ab
ν α
b
µ . (2.3)
It will be important in what follows to define the dual field strength,
F˜ aµν =
1
2
ǫµναβF
a
αβ . (2.4)
Moreover, an ambiguity is present in the gauge parameter αaµ, which is defined modulo an extra
gauge transformation
δαaµ = D
ab
µ λ
b . (2.5)
The model can be consistently quantized through the BRST quantization method. For that,
the gauge parameters are promoted to ghost fields: αa −→ ca, αaµ −→ ψ
a
µ, and λ
a −→ φa. The
field ca is recognized as the usual Faddeev-Popov ghost, ψaµ is the topological ghost and φ
a is the
ghost of the ghost, or simply, bosonic ghost. The corresponding BRST transformations are given
by
sAaµ = −D
ab
µ c
b + ψaµ ,
sca =
g
2
fabccbcc + φa ,
sψaµ = gf
abccbψcµ +D
ab
µ φ
b ,
sφa = gfabccbφc . (2.6)
As it can easily be seen from (2.1), (2.3) and (2.5), there are three gauge symmetries to be fixed.
Following [9], we employ the (anti-)self-dual Landau gauges,
∂µA
a
µ = 0 ,
∂µψ
a
µ = 0 ,
F aµν ± F˜
a
µν = 0 . (2.7)
Hence, we need three BRST doublets to enforce the three gauge fixings, namely,
sc¯a = ba , sba = 0 ,
sχ¯aµν = B
a
µν , sB
a
µν = 0 ,
sφ¯a = η¯a , sη¯a = 0 , (2.8)
4
Field A ψ c φ c¯ b φ¯ η¯ χ¯ B
Dim 1 1 0 0 2 2 2 2 2 2
Ghost no 0 1 1 2 -1 0 -2 -1 -1 0
Table 1: Quantum numbers of the fields.
where χ¯aµν and B
a
µν are (anti-)self-dual fields
1. For completeness and further use, the quantum
numbers of all fields are displayed in Table 1.
The complete gauge fixing action is then given by
Sgf = s
∫
d4z
[
c¯a∂µA
a
µ +
1
2
χ¯aµν
(
F aµν ± F˜
a
µν
)
+ φ¯a∂µψ
a
µ
]
=
∫
d4z
[
ba∂µA
a
µ +
1
2
Baµν
(
F aµν ± F˜
a
µν
)
+ (η¯a − c¯a) ∂µψ
a
µ + c¯
a∂µD
ab
µ c
b+
−
1
2
gfabcχ¯aµνc
b
(
F cµν ± F˜
c
µν
)
− χ¯aµν
(
δµαδνβ ±
1
2
ǫµναβ
)
Dabα ψ
b
β + φ¯
a∂µD
ab
µ φ
b+
+ gfabcφ¯a∂µ
(
cbψcµ
)]
. (2.9)
3 Renormalizability
The first step in the study of the renormalizability of a theory is to write the Ward identities of the
model in a consistent way. Henceforth, we need to introduce some external sources [10], in order
to control the non-linear nature of the BRST transformations, in the form of BRST doublets,
three of them to be precise2, namely,
sτaµ = Ω
a
µ , sΩ
a
µ = 0 ,
sEa = La , sLa = 0 ,
sΛaµν = K
a
µν , sK
a
µν = 0 . (3.1)
The corresponding quantum number of the external sources are displayed in Table 2. The respec-
tive external action is given by
Sext = s
∫
d4z
(
τaµD
ab
µ c
b +
g
2
fabcEacbcc + gfabcΛaµνc
bχ¯cµν
)
=
∫
d4z
[
ΩaµD
ab
µ c
b +
g
2
fabcLacbcc + gfabcKaµνc
bχ¯cµν + τ
a
µ
(
Dabµ φ
b + gfabccbψcµ
)
+
+ gfabcEacbφc + gfabcΛaµνc
bBcµν − gf
abcΛaµνφ
bχ¯cµν −
g2
2
fabcf bdeΛaµν χ¯
c
µνc
dce
]
. (3.2)
1 The relation depends on the sign on the gauge fixing of the field strength in (2.7). For instance, if the sign is
positive in (2.7), the doublet fields (χ¯, B) are self-dual.
2 In [9], only two source doublets were used. Our third set is needed to control the new symmetry (see (3.16)),
which is nonlinear.
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The full action we shall consider is then
Σ = So[A] + Sgf + Sext . (3.3)
Source τ Ω E L Λ K
Dim 3 3 4 4 2 2
Ghost no -2 -1 -3 -2 -1 0
Table 2: Quantum numbers of the external sources.
3.1 Ward identities
The action (3.3) possesses a rich set of Ward identities which we now list.
• Slavnov-Taylor identity, which expresses the BRST invariance of the full action (3.3):
S(Σ) = 0 , (3.4)
where
S(Σ) =
∫
d4z
[(
ψaµ −
δΣ
δΩaµ
)
δΣ
δAaµ
+
δΣ
δτaµ
δΣ
δψaµ
+
(
φa +
δΣ
δLa
)
δΣ
δca
+
δΣ
δEa
δΣ
δφa
+
+ ba
δΣ
δc¯a
+ η¯a
δΣ
δφ¯a
+Baµν
δΣ
δχ¯aµν
+ Ωaµ
δΣ
δτaµ
+ La
δΣ
δEa
+Kaµν
δΣ
δΛaµν
]
. (3.5)
• Ordinary Landau gauge fixing and Faddeev-Popov anti-ghost equation:
δΣ
δba
= ∂µA
a
µ ,
δΣ
δc¯a
− ∂µ
δΣ
δΩaµ
= −∂µψ
a
µ . (3.6)
• Topological Landau gauge fixing and bosonic anti-ghost equation:
δΣ
δη¯a
= ∂µψ
a
µ ,
δΣ
δφ¯a
− ∂µ
δΣ
δτaµ
= 0 . (3.7)
• Bosonic ghost equation:
GaφΣ = ∆
a
φ , (3.8)
where
Gaφ =
∫
d4z
(
δ
δφa
− gfabcφ¯b
δ
δbc
)
,
∆aφ = gf
abc
∫
d4z
(
τ bµA
c
µ + E
bcc + Λbµνχ¯
c
µν
)
. (3.9)
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• Ordinary Faddeev-Popov ghost equation:
Ga1Σ = ∆
a , (3.10)
where
Ga1 =
∫
d4z
[
δ
δca
+ gfabc
(
c¯b
δ
δbc
+ φ¯b
δ
δη¯c
+ χ¯bµν
δ
δBcµν
+ Λbµν
δ
δKcµν
)]
,
∆a = gfabc
∫
d4z
(
Ebφc − ΩbµA
c
µ − τ
b
µψ
c
µ − L
bcc + ΛbµνB
c
µν −K
b
µν χ¯
c
µν
)
. (3.11)
• Second Faddeev-Popov ghost equation:
Ga2Σ = ∆
a , (3.12)
where
Ga2 =
∫
d4z
[
δ
δca
− gfabc
(
φ¯b
δ
δc¯c
+ Abµ
δ
δψcµ
+ cb
δ
δφc
− η¯b
δ
δbc
+ Eb
δ
δLc
)]
. (3.13)
• Vector supersymmetry3:
WµΣ = 0 , (3.14)
where
Wµ =
∫
d4z
[
∂µA
a
ν
δ
δψaν
+ ∂µc
a δ
δφa
+ ∂µχ¯
a
να
δ
δBaνα
+ ∂µφ¯
a
(
δ
δη¯a
+
δ
δc¯a
)
+
+ (∂µc¯
a − ∂µη¯
a)
δ
δba
+ ∂µτ
a
ν
δ
δΩaν
+ ∂µE
a δ
δLa
+ ∂µΛ
a
να
δ
δKaνα
]
. (3.15)
• Bosonic non-linear symmetry:
T (Σ) = 0 , (3.16)
where
T (Σ) =
∫
d4z
[
δΣ
δΩaµ
δΣ
δψaµ
−
δΣ
δLa
δΣ
δφa
−
δΣ
δKaµν
δΣ
δBaµν
+ (c¯a − η¯a)
(
δΣ
δc¯a
+
δΣ
δη¯a
)]
.
• Global ghost supersymmetry:
G3Σ = 0 , (3.17)
where
G3 =
∫
d4z
[
φ¯a
(
δ
δη¯a
+
δ
δc¯a
)
− ca
δ
δφa
+ τaµ
δ
δΩaµ
+ 2Ea
δ
δLa
+ Λaµν
δ
δKaµν
]
. (3.18)
3 Written in the form Wµ =
∑
A δµΦ
A δ
δΦA
, the generators δµ and the BRST operator satisfy a supersymmetric
algebra {s, δµ} = ∂µ.
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We remark that the Faddeev-Popov ghost equations (3.10) and (3.12) can be combined to
obtain an exact global supersymmetry,
∆GaΣ = 0 , (3.19)
where
∆Ga = Ga1 − G
a
2 =
∫
d4z fabc
[(
c¯b − η¯b
) δ
δbc
+ φ¯b
(
δ
δη¯c
+
δ
δc¯c
)
+ Abµ
δ
δψcµ
+
+ χ¯bµν
δ
δBcµν
+ cb
δ
δφc
+ Λbµν
δ
δKcµν
+ τ bµ
δ
δΩcµ
+ Eb
δ
δLc
]
. (3.20)
We observe the similarity of the equation (3.19) with the vector supersymmetry (3.14). It is also
worth mentioning that, even though the ghost number of the operator (3.20) is −1, resembling
an anti-BRST symmetry, it is not a genuine anti-BRST symmetry. See for instance [11] for the
explicit anti-BRST symmetry in topological gauge theories.
3.2 Most general counterterm
In order to construct the most general counterterm consistent with the Ward identities of Sec. 3.1
we add to the classical action (3.3) a generic integrated polynomial local in the fields and sources
with mass dimension four Σc,
Γ(1) = Σ + ǫΣc , (3.21)
where ǫ is a small perturbative parameter. Obviously, Γ(1) is recognized as the quantum action at
first order in perturbation theory. Due to the recursive nature of algebraic renormalization theory
[10], to impose the validity of the Ward identities to Γ(1) is equivalent to impose their validity to
Γ at all orders in perturbation theory. Hence, imposing (3.4), (3.6), (3.7), (3.10), (3.12), (3.14),
(3.16), and (3.17) to Γ(1) we find that the most general counterterm that can be added to the
classical action must obey
SΣΣ
c = 0 , (3.22)
δΣc
δba
= 0 , (3.23)
δΣc
δc¯a
− ∂µ
δΣc
δΩaµ
= 0 , (3.24)
δΣc
δη¯a
= 0 , (3.25)
δΣc
δφ¯a
− ∂µ
δΣc
δτaµ
= 0 , (3.26)
GaφΣ
c = 0 , (3.27)
Ga1Σ
c = 0 , (3.28)
Ga2Σ
c = 0 , (3.29)
WµΣ
c = 0 , (3.30)
TΣΣ
c = 0 , (3.31)
G3Σ
c = 0 , (3.32)
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where SΣ and TΣ are the linear versions of the operators (3.5) and (3.16), respectively. In fact,
the linearized Slavnov-Taylor operator is given by
SΣ =
∫
d4z
[(
ψaµ −
δΣ
δΩaµ
)
δ
δAaµ
−
δΣ
δAaµ
δ
δΩaµ
+
δΣ
δτaµ
δ
δψaµ
+
(
Ωaµ +
δΣ
δψaµ
)
δ
δτaµ
+
+
(
φa +
δΣ
δLa
)
δ
δca
+
δΣ
δca
δ
δLa
+
δΣ
δEa
δ
δφa
+
(
La +
δΣ
δφa
)
δ
δEa
+
+ ba
δ
δc¯a
+ η¯a
δ
δφ¯a
+Baµν
δ
δχ¯aµν
+Kaµν
δ
δΛaµν
]
, (3.33)
while the linearized operator TΣ is given by
TΣ =
∫
d4z
[
δΣ
δΩaµ
δ
δψaµ
−
δΣ
δψaµ
δ
δΩaµ
−
δΣ
δLa
δ
δφa
−
δΣ
δφa
δ
δLa
+
δΣ
δKaµν
δ
δBaµν
+
δΣ
δBaµν
δ
δKaµν
+
+ (c¯a − η¯a)
(
δ
δη¯a
+
δ
δc¯a
)]
. (3.34)
The operator SΣ, being nilpotent, defines a cohomology while the constraint (3.22) represents
a cohomology problem for Σc. The cohomology is exactly the same as in [9], which is trivial4.
Hence, the Slavnov-Taylor identity is anomaly-free and the solution of (3.22) is
Σc = SΣ∆
(−1) , (3.35)
where ∆(−1) is an integrated local polynomial in the fields and sources and their derivatives
bounded by dimension four and with ghost number -1.
Following [9], equations (3.22)-(3.30) imply that the counterterm (3.35) takes the form
Σc = SΣ
∫
d4z
{
a1
[(
Ωaµ − ∂µc¯
a
)
Aaµ +
(
τaµ − ∂µφ¯
a
)
ψaµ
]
+ a2(τ
a
µ − ∂µφ¯
a)∂µc
a+
+ a3χ¯
a
µν∂µA
a
ν + a4f
abcχ¯aµνA
b
µA
c
ν
}
, (3.36)
where a1, a2, a3 and a4 are arbitrary constant coefficients. Now, applying the bosonic symmetry
constraint (3.31), one can straightforwardly show that
a1 = a2 = 0, (3.37)
and that
a4 =
a3
2
. (3.38)
Hence, the most general local counterterm obeying the symmetry content of the model is reduced
to the simple form
Σc = SΣ
∫
d4z a χ¯aµνF
a
µν , (3.39)
4 The only difference is the extra BRST doublet (Λ,K), introduced due to the non-linearity of the bosonic symmetry
T , which also belongs to the trivial sector of the cohomology [10].
9
where the parameter a4 was renamed as a: the only renormalization parameter allowed by the
Ward identities of the model. Explicitly, the counterterm (3.39) reads
Σc = a
∫
d4z {BaµνF
a
µν − 2χ¯
a
µνD
ab
µ ψ
b
ν − gf
abcχ¯aµνc
bF cµν} . (3.40)
As pointed out in [9], the choice of Landau gauges forbids the presence of the counterterm
(F aµν ± F˜
a
µν)
2, implying that the Yang-Mills term F aµνF
a
µν is not produced at the quantum level.
This is in agreement with previous one-loop computations carried out in [3, 5].
3.3 Quantum stability
Once we have at our disposal the most general counterterm consistent with all Ward identities of
the model, we must verify if the counterterm can absorb the divergences arising in the evaluation
of Feynman graphs. In other words, if the counterterm (3.40) can be consistently absorbed by
the classical action (3.3) by means of the multiplicative redefinition of the fields, sources and
parameters of the model. Therefore, starting from the equation (3.21), we must show that Γ(1) is
of the form Σ(Φ0,J0, g0), where
Φ0 = Z
1/2
Φ Φ ; Φ0 = {A
a
µ, ψ
a
µ, c
a, c¯a, φa, φ¯a, ba, η¯a, χ¯aµν , B
a
µν} ,
J0 = ZJJ ; J = {τ
a
µ ,Ω
a
µ, E
a, La,Λaµν , K
a
µν} ,
g0 = Zgg . (3.41)
In fact, a direct and straightforward analysis shows that the model is stable. From the gauge
fixing action, we obtain
ZgZ
1/2
A = Z
1/2
c¯ Z
1/2
c = Z
1/2
b Z
1/2
A = Z
1/2
η¯ Z
1/2
ψ = Z
1/2
c¯ Z
1/2
ψ = Z
1/2
φ¯
Z
1/2
φ = ZgZ
1/2
φ¯
Z1/2c Z
1/2
ψ = 1 ,
(3.42)
and
Z
1/2
B Z
1/2
A = Z
1/2
χ¯ Z
1/2
c = Z
1/2
χ¯ Z
1/2
ψ = 1 + ǫa. (3.43)
For the source action, we find
ZΩZ
1/2
c = ZτZ
1/2
φ = ZgZτZ
1/2
c Z
1/2
ψ = ZgZLZc = ZgZEZ
1/2
c Z
1/2
φ = 1 , (3.44)
and
ZgZJZ
1/2
c Z
1/2
χ¯ = ZgZΛZ
1/2
φ Z
1/2
χ¯ = Z
2
gZΛZcZ
1/2
χ¯ = ZgZΛZ
1/2
c Z
1/2
B = 1. (3.45)
The results (3.42)-(3.45) are self consistent and show that the model is renormalizable to all
orders in perturbation theory.
It is worth mentioning again that the Ward identities (3.4)-(3.17) hold at all orders with
the classical action Σ replaced by the 1PI generating functional Γ. In addition, we would like
to emphasize that the result (3.40) is a direct consequence of the absence of anomalies in the
Slavnov-Taylor identitiy. The anomalous Slavnov-Taylor identity would give SΣΣ
c = △(1), being
△(1) a local polynomial with ghost number 1; but it was proven in [9] that the cohomology of the
linearized BRST operator vanishes, therefore, there is no room for anomaly in the Slavnov-Taylor
identity, which automatically restricts the most general counterterm of the theory to the trivial
sector of the cohomology. As a consequence of this triviality, the cohomology vanishes in any
ghost number sector.
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4 Consequences of the Ward identities for the two-point
functions
In this Section we provide some strong consequences of the Ward identities in terms of the two-
point functions of the theory. Specifically, we compute exact properties5 of the propagators and
1PI two-point functions. The conventions and notation here employed can be found in the App. A.
Needless to say, since the theory is renormalizable to all orders in perturbation theory, the Ward
identities are valid for the quantum action Γ and not only for the classical one Σ.
First of all, we evoke the discrete Faddeev-Popov symmetry (dFPs) to recall that all two-point
functions carrying a non-vanishing ghost-number vanish, namely,
Γ(ΦAΦB)(p) = 〈Φ
AΦB〉(p) = 0 ∀ gA + gB 6= 0 . (4.1)
Second, from Lorentz covariance it is easy to infer that we must have, for the (anti)self-dual fields,
〈baBbµν〉(p) = 0 , (4.2)
〈caχ¯bµν〉(p) = 0 , (4.3)
and
Γab(bB)µν(p) = 0 , (4.4)
Γab(cχ¯)µν(p) = 0 . (4.5)
4.1 1PI two-point functions
Since the Ward identities are written for the 1PI generating functional, it is easier to start with
the 1PI two-point functions. All 1PI two-point functions obtained in this subsection are displayed
in Table 3.
4.1.1 Consequences of the Landau gauge fixings
The ordinary Landau gauge fixing (3.6), in terms of the quantum action, is given by
δΓ
δba(x)
= ∂xµA
a
µ(x) , (4.6)
where ∂xµ stands for the spacetime derivative with respect to the coordinates of the point xµ. In
the same way, the topological Landau gauge fixing (3.7) can be written as
δΓ
δη¯a(x)
= ∂xµψ
a
µ(x) . (4.7)
5 By exact we mean valid to all orders in perturbation theory. In most cases, this means tree-level exact, i.e., all
radiative corrections vanish.
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• The bA mixed 1PI function.
To obtain the bA mixed 1PI function, we vary the equation (4.6) with respect to Abν(y),
δ2Γ
δAbν(y)δb
a(x)
= δab∂xν δ(x− y) . (4.8)
Hence,
Γab(bA)ν(x, y) = δ
ab∂xν δ(x− y) . (4.9)
Taking the Fourier transform of eq. (4.9) one obtains∫
d4p
(2π)4
Γab(bA)µ(p)e
ip(x−y) =
∫
d4p
(2π)4
δabipµe
ip(x−y) . (4.10)
Thus,
Γab(bA)µ(p) = iδ
abpµ . (4.11)
The mixed two-point vertex function (4.11) is tree-level exact, as expected from the relation
ZbZA = 1 in (3.42).
• The bb 1PI function.
In the same way, by varying (4.6) with respect to bb(y), one trivially finds
Γab(bb)(p) = 0 . (4.12)
• The η¯ψ mixed 1PI function.
Now, varying the equation (4.7) with respect to ψbν(y) and Fourier transforming the resulting
equation, one finds
Γab(η¯ψ)µ(p) = iδ
abpµ , (4.13)
which is in accordance with the relation Zη¯Zψ = 1 in (3.42).
• The η¯c mixed 1PI function.
And, the variation of (4.7) with respect to ca(y) leads to
Γab(η¯c)(p) = 0 . (4.14)
4.1.2 Consequences of the vector supersymmetry
The vector supersymmetry (3.14), in terms of the 1PI generating functional, reads6∫
d4z
[
∂γA
c
κ
δΓ
δψcκ
+ ∂γc
c δΓ
δφc
+ ∂γχ¯
c
σκ
δΓ
δBcσκ
+ ∂γ φ¯
c
(
δΓ
δη¯c
+
δΓ
δc¯c
)
+
+ (∂γ c¯
c − ∂γ η¯
c)
δΓ
δbc
+ . . .
]
= 0 . (4.15)
6 For simplicity, only the relevant terms are written in (4.15).
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• The BB 1PI function.
Varying (4.15) with respect to Bbαβ(y) and χ¯
a
µν(x) we get∫
d4z
[
δacδµσδνκ∂
z
γδ(z − x)
δ2Γ
δBbαβ(y)δB
c
σκ(z)
+ . . .
]
= 0 . (4.16)
After integration over z, a Fourier transformation of (4.16) yields
pγΓ
ab
(BB)µναβ(p) = 0 , (4.17)
which, by contraction with pγ/p
2, simply reduces to
Γab(BB)µναβ(p) = 0 . (4.18)
• The topological ghost and the BA 1PI functions.
In the same way, by varying with respect to χ¯aαβ(x) and A
b
µ(y), one finds
−
∫
d4z
[
δ(z − y)∂zκ
δ2
δχ¯aαβ(x)δψ
b
µ(z)
+ δ(z − x)∂zκ
δ2
δAbµ(y)δB
a
αβ(z)
+ . . .
]
= 0 . (4.19)
Hence,
− ∂yκΓ
ab
(χ¯ψ)αβµ(x, y) + ∂
x
κΓ
ab
(BA)αβµ(x, y) = 0 . (4.20)
Fourier transforming this last equation (with attention to the point where the derivative is
taken), one obtains
Γab(χ¯ψ)αβµ(p) = −Γ
ab
(BA)αβµ(p) . (4.21)
The relation (4.21) is consistent with the relations (3.43) by means of ZBZA = Zχ¯Zψ.
Moreover, it is easy to infer from the antisymmetry in α and β indices that they should be
transverse,
Γab(χ¯ψ)αβµ(p) = −Γ
ab
(BA)αβµ(p) = X1(p
2)ǫαβµνpν + y(p
2) (δαµpβ − δβµpα) , (4.22)
where X1(p
2) and y(p2) are generic form factors.
• The Faddeev-Popov and bosonic ghost 1PI functions.
Another consequence of the vector supersymmetry concerns the Faddeev-Popov ghost and
the bosonic ghost 1PI two-point functions. By varying (4.15) with respect to ca(y) and φ¯b(x),
one gets (the proof is very similar to the one displayed in the demonstration of (4.21))
Γab(φ¯φ)(p) = Γ
ab
(c¯c)(p) . (4.23)
where (4.14) was used. Expression (4.23) is in harmony with the relation Zc¯Zc = Zφ¯Zφ in
(3.42).
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• The c¯ψ mixed 1PI function.
In the same lines of (4.21) and (4.23), by varying (4.15) with respect to φa(x) and ψbµ(x),
one can prove that
Γab(c¯ψ)µ(p) = −Γ
ab
(η¯ψ)µ(p) = −iδ
abpµ , (4.24)
where (4.13) must be employed. The tree-level exactness (4.24) is in accordance with the
relation Zc¯Zψ = Zη¯Zψ = 1 and the fact that Zψ = Zc and Zη¯ = Zc¯, all coming from the
relations (3.42).
• The topological gluon 1PI function.
Now, we consider the topological gluon vacuum polarization Γab(AA)µν(p). Remarkably, as can
be verified in the App. B, it identically vanishes,
Γab(AA)µν(p) = 0 . (4.25)
We will discuss this result in more details in Sec. 5.
↓ ΦA ΦB → Abα ψ
b
α c
b φb c¯b bb φ¯b η¯b χ¯bαβ B
b
αβ
Aaµ 0 — — — — — — — — —
ψaµ 0 0 — — — — — — — —
ca 0 0 0 — — — — — — —
φa 0 0 0 0 — — — — — —
c¯a 0 −iδabpα Γ
ab
(φ¯φ)
0 0 — — — — —
ba iδabpα 0 0 0 0 0 — — — —
φ¯a 0 0 0 Γab(c¯c) 0 0 0 — — —
η¯a 0 iδabpα 0 0 0 0 0 0 — —
χ¯aµν 0 −Γ
ab
(BA)µνα 0 0 0 0 0 0 0 —
Baµν −Γ
ab
(χ¯ψ)µνα 0 0 0 0 0 0 0 0 0
Table 3: Exact results for the two-point vertex functions ΓAB(ΦΦ)(p). The traces — are redundancies
since the table is (anti-)symmetric by the line-column exchange.
4.2 Propagators
Now we focus on the connected two-point functions. With this intent, we have to employ the
Legendre transformation (A.3) in the Ward identities. All propagators obtained in this subsection
are collected in Table 4.
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4.2.1 Consequences of the Landau gauge fixings
The ordinary Landau gauge fixing equation (3.6), in terms of the connected Green functional,
takes the form
− Ja(b)(x) = ∂
x
µ
δW
δJa(A)µ(x)
, (4.26)
while the topological gauge fixing equation (3.7) turns into
Ja(η¯)(x) = ∂
x
µ
δW
δJa(ψ)µ(x)
. (4.27)
• The bA mixed propagator.
Variation of equation (4.26) with respect to J b(b)(y) leads to
δabδ(x− y) = ∂xµ〈A
a
µ(x)b
b(y)〉 . (4.28)
This equation is easily solved in momentum space. Its Fourier transformation leads to
δab
∫
d4p
(2π)4
eip(x−y) = ∂xµ
∫
d4p
(2π)4
eip(x−y)〈Aaµb
b〉(p) , (4.29)
providing
δab = ipµ〈A
a
µb
b〉(p) , (4.30)
whose solution is
〈baAbµ〉(p) = iδ
ab pµ
p2
. (4.31)
This is in complete accordance with the relation ZbZA = 1 in (3.42).
• The BA mixed propagator.
The variation of equation (4.26) with respect to J b(B)αβ(y) leads to the the transversality of
〈BaαβA
b
µ〉(p), which is evident from the antisymmetry of its indices α and β. Hence, the BA
propagator must be of the form
〈BaαβA
b
µ〉(p) = B1(p
2)ǫαβµνpν +B2(p
2) (δαµpβ − δβµpα) , (4.32)
where B1(p
2) and B2(p
2) are generic form factors.
• The η¯ψ mixed propagator.
Now, varying equation (4.27) with respect to J b(ψ)ν(y) and following the lines in the obtention
of (4.31), we get
〈η¯aψbµ〉(p) = iδ
ab pµ
p2
. (4.33)
The exact result (4.33) is consistent with Zη¯Zψ = 1 in (3.42).
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• The c¯ψ mixed propagator.
At last, by varying equation (4.27) with respect to J b(c¯)(y), a transversality condition is gained
(after Fourier transformation),
pµ〈c¯
aψbµ〉(p) = 0 . (4.34)
However, from Lorentz covariance, the only possibility is that 〈c¯aψbµ〉(p) = δ
abP (p2)pµ. Thus,
inevitably, P (p2) = 0, leading to
〈c¯aψbµ〉(p) = 0 . (4.35)
4.2.2 Consequences of the vector supersymmetry
In terms of the connected Green functional the vector supersymmetry (3.14) reads∫
d4z
[
∂zγ
δW
δJc(A)κ(z)
Jc(ψ)κ(z)− ∂
z
γ
δW
δJc(c)(z)
Jc(φ)(z)− ∂
z
γ
δW
δJc(χ¯)κσ(z)
Jc(B)κσ(z)+
+ ∂zγ
δW
δJc
(φ¯)
(z)
(
Jc(η¯)(z) + J
c
(c¯)(z)
)
− ∂zγ
(
δW
δJc(c¯)(z)
−
δW
δJc(n¯)(z)
)
Jc(b)(z) + . . .
]
= 0 .
(4.36)
• The topological gluon propagator.
The topological gluon propagator is obtained by varying equation (4.36) with respect to
Ja(A)µ(x) and J
a
(ψ)ν(y),∫
d4z
[
∂zγ
δ2W
δJa(A)µ(x)δJ
c
(A)κ(z)
δbcδνκδ(z − y) + . . .
]
= 0 . (4.37)
Hence, after integration in z and a Fourier transformation, we get
pγ〈A
a
µA
b
ν〉(p) = 0 . (4.38)
By contraction with pγ/p
2, we obtain
〈AaµA
b
ν〉(p) = 0 . (4.39)
Thus, the topological gluon propagator vanishes just like the associated vacuum polarization
(4.25). See Sec. 5 for extra discussions about this issue.
• The Faddeev-Popov and bosonic ghost propagators.
The relation between the Faddeev-Popov ghost propagator c¯c and the bosonic ghost propa-
gator φ¯φ is obtained by varying equation (4.36) with respect to Ja(c¯)(x) and J
b
(φ)(y),∫
d4z
[
−∂zγ
δ2W
δJa(c¯)(x)δJ
c
(c)(z)
δcbδ(z − y) + ∂zγ
δ2W
δJ b(φ)(y)δJ
c
(φ¯)
(z)
δcaδ(z − x) + . . .
]
= 0 , (4.40)
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which reduces to
∂yγ 〈c¯
a(x)cb(y)〉+ ∂xγ 〈φ¯
a(x)φb(y)〉 = 0 . (4.41)
Thus, after a Fourier transformation, we get
〈c¯acb〉(p) = 〈φ¯aφb〉(p) , (4.42)
which confirms, once again, the relation Zc¯Zc = Zφ¯Zφ in (3.42). We refer to Sec. 5 for the
proof of the tree-level exactness of the ghost (Faddeev-Popov and bosonic) propagator.
• The topological ghost and the mixed BA propagators.
The topological ghost propagator 〈χ¯ψ〉 can be computed by varying (4.36) with respect to
Ja
(ψ¯)µ
(x) and J b(B)αβ (y),∫
d4z
[
∂zγ
δ2W
δJ b(B)αβ(y)δJ
a
(A)µ(z)
δ(z − x)− ∂zγ
δ2W
δJa(ψ)µ(x)δJ
b
(χ¯)αβ(z)
δ(z − y) + . . .
]
= 0 , (4.43)
which reduces to
∂yγ〈χ¯
b
αβ(y)ψ
a
µ(x)〉 − ∂
x
γ 〈A
a
µ(x)B
b
αβ(y)〉 = 0 . (4.44)
After a Fourier transformation, we get
〈χ¯bαβψ
a
µ〉(p) = −〈B
b
αβA
a
µ〉(p) . (4.45)
The result (4.45) agrees with (4.21) and with Zχ¯Zψ = ZBZA in (3.43).
• The η¯c mixed propagator.
Following the same reasoning as before, we vary equation (4.36) with respect to Ja(c)(x) and
J b(B)αβ(y) and find that
〈η¯aca〉(p) = 〈c¯aca〉(p) . (4.46)
This relation is consistent with Zη¯ = Zc¯ in (3.42).
5 Further considerations
5.1 Few words about the topological gluon propagator
In the previous section, an exact proof of the vanishing of the gluon connected two-point function
was worked out. In the present subsection, we compute the tree-level gluon propagator and
show that its vanishing is very much related to the particular choice of (Landau-type) gauge we
have employed. For this computation, we introduce two gauge parameters α and β through the
following quadratic terms:
−
α
2
∫
d4z baba and −
β
2
∫
d4z BaµνB
a
µν , (5.1)
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↓ ΦA ΦB → Abα ψ
b
α c
b φb c¯b bb φ¯b η¯b χ¯bαβ B
b
αβ
Aaµ 0 — — — — — — — — —
ψaµ 0 0 — — — — — — — —
ca 0 0 0 — — — — — — —
φa 0 0 0 0 — — — — — —
c¯a 0 0
〈
φ¯aφb
〉
0 0 — — — — —
ba iδabpα/p
2 0 0 0 0 0 — — — —
φ¯a 0 0 0
〈
c¯acb
〉
0 0 0 — — —
η¯a 0 iδabpα/p
2
〈
c¯acb
〉
0 0 0 0 0 — —
χ¯aµν 0 −
〈
BaµνA
b
α
〉
0 0 0 0 0 0 0 —
Baµν −
〈
χ¯aµνψ
b
α
〉
0 0 0 0 0 0 0 0 0
Table 4: Exact results for the propagators 〈ΦAΦB〉(p). The traces — are redundancies since the
table is (anti-)symmetric by the line-column exchange.
where the choice of signs was done in such a way that these gauge parameters are strictly non-
negative. Hence, the terms that contribute to the tree-level topological gluon propagator are given
by
S˜ =
∫
d4z
[
ba
(
∂µA
a
µ −
α
2
ba
)
+Baµν
(
F aµν ± F˜
a
µν −
β
2
Baµν
)]
. (5.2)
By integrating out the auxiliary fields (b, B), one obtains
S˜ =
∫
d4z
[
(∂µA
a
µ)
2
2α
+
(F aµν ± F˜
a
µν)
2
2β
]
. (5.3)
Keeping just quadratic terms on Aaµ leads to
S˜quad = −
1
2α
∫
d4z Aaµ∂µ∂νA
a
ν −
2
β
∫
d4z
(
Aaµ∂
2Aaµ −A
a
µ∂µ∂νA
a
ν
)
, (5.4)
which is expressed in momentum space as
S˜quad =
1
2
∫
d4p
(2π)4
Aaµ(p)∆
ab
µνA
b
ν(−p) , (5.5)
with
∆abµν = δ
ab
[
4
β
p2δµν −
(
4
β
−
1
α
)
pµpν
]
. (5.6)
Consequently, the tree-level gluon propagator is
〈AaµA
b
ν〉0(p) = δ
ab
[
β
4p2
(
δµν −
pµpν
p2
)
+
α
p2
pµpν
p2
]
. (5.7)
The gauge condition we have considered throughout this work corresponds to setting α = β = 0.
From eq. (5.7) it is clear that, for such a choice, the gluon propagator vanishes at the tree-level
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(and this property holds to all orders as proved in the last section). Therefore, this choice is
extremely peculiar, since when writing the Feynman rules for this theory, every diagram with
gluon lines vanishes. Nonetheless, one can easily see that with the appropriate choice of β = 4,
the Yang-Mills term is recovered (see (5.2)). As it is well known, the presence of such term leads
to deep relations between topological Yang-Mills theories quantized in a certain class of gauges
and supersymmetric gauge theories, see [12].
5.2 Exactness of the Faddeev-Popov ghost two-point functions
In this subsection, we give a proof using Wick theorem that the Faddeev-Popov ghosts two-point
function is tree-level exact. For this, we use the property defined by eq. (4.42). Hence, let us have
a closer look at the 〈φ¯a(x)φb(y)〉. By definition,
〈φ¯a(x)φb(y)〉 =
∫
[DΦ] φ¯a(x)φb(y)e−Sgf =
∫
[DΦ] φ¯a(x)φb(y)e−Sinte−Squad , (5.8)
with Φ a shorthand notation for the complete set of fields of the theory (see App. A). The actions
Squad and Sint stand for the quadratic and interacting parts of Sgf , respectively. The interacting
part of Sgf is schematically expressed as
Sint =
∫
d4z
[
BAA + c¯Ac+ χ¯cA+ χ¯cAA + χ¯Aψ + φ¯Aφ+ φ¯cψ
]
. (5.9)
Therefore, eq. (5.8) is rewritten as
〈φ¯a(x)φb(y)〉 =
∫
[DΦ] φ¯a(x)φb(y) exp
(
−
∫
d4z [BAA + c¯Ac+ χ¯cA+ χ¯cAA+
+ χ¯Aψ + φ¯Aφ+ φ¯cψ
])
e−Squad . (5.10)
As usual, one can expand the exponential for the interacting part, leading to
〈φ¯a(x)φb(y)〉 = 〈φ¯a(x)φb(y)〉0 −
∫
d4z〈φ¯a(x)φb(y) [BAA + c¯Ac+ χ¯cA + χ¯cAA +
+ χ¯Aψ + φ¯Aφ+ φ¯cψ
]
z
〉0 + . . . . (5.11)
where 〈. . .〉0 means that the expectation value is taken with respect to the quadratic action. As
it is apparent from Table 4, the only non-vanishing two-point function involving (φ¯, φ) is 〈φ¯φ〉.
Therefore, we have to single out Wick contractions of φ with φ¯. Consequently, the first order
correction to (5.8) is∫
d4z〈φ¯a(x)φb(y)
[
BAA + c¯Ac+ χ¯cA+ χ¯cAA + χ¯Aψ + φ¯Aφ+ φ¯cψ
]
z
〉0 =
=
∫
d4z〈φ¯a(x)φb(y)
[
φ¯Aφ+ φ¯cψ
]
z
〉0 = 0 , (5.12)
where we have kept just terms containing φ and φ¯ since the contraction with any other fields
but those vanishes. Going to higher orders renders the insertion of φ¯Aφ and φ¯cψ on integrated
spacetime points. The analysis is divided in the following possibilities:
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• We consider just φ¯Aφ insertions. In this case, the number of (φ¯, φ) fields is even and is
always possible to contract (φ¯, φ) in pairs. Nevertheless, for each factor φ¯Aφ introduced,
one also introduces an A field which must be contracted with some other field. In the
interacting part, the only non-vanishing correlation function involving A is 〈BA〉. However,
this introduces the term BAA containing two A fields and, at the end, one will have to
contract A with some field different from B, which vanishes.
• We consider just φ¯cψ insertions. This leads to a mismatch on the pairing of (φ¯, φ) fields and
gives zero automatically.
• We consider mixed insertions of φ¯Aφ and φ¯cψ. If the insertions are such that there is an
odd number of (φ¯, φ) fields, then it gives zero. If not, one comes back to the first bullet.
The conclusion is that one ends up with the exact tree-level relation,
〈c¯a(x)cb(y)〉 = 〈φ¯a(x)φb(y)〉 = 〈φ¯a(x)φb(y)〉0 . (5.13)
Such an argument can be understood by computing the Feynman rules of the theory and noticing
that there is no non-vanishing diagram except for the tree-level one for 〈φ¯a(x)φb(y)〉. It is impor-
tant to emphasize that this is a consequence of the vanishing of the gluon propagator, a feature
of the particular gauge choice used in this paper, as discussed in the previous subsection.
The explicit form of the tree-level Faddeev-Popov ghost propagator is easily computed from
the gauge fixing action (2.9), providing
〈c¯acb〉(p) = 〈φ¯aφb〉(p) = δab
1
p2
. (5.14)
For completeness, one can compute the 1PI two-point functions Γab(c¯c)(p) and Γ
ab
(φ¯φ)
(p) from the
identity ∑
C
Γ(ΦAΦC)(p)〈ΦCΦB〉(p) = −δAB . (5.15)
Choosing ΦA = c¯
a and ΦB = c¯
b, one can straightforwardly find
Γab(c¯c)(p) = Γ
ab
(φ¯φ)(p) = δ
abp2 , (5.16)
where (4.23) was employed.
5.3 Exactness of the topological ghost two-point functions
As for the Faddeev-Popov ghosts, it is possible to prove that the topological ghosts (χ¯, ψ) two-
point function is tree-level exact. The proof goes in very strict analogy with the Faddeev-Popov
ghosts case and, due to this, we will just mention the main points. To do it, we benefit from the
relation (4.22) and compute 〈Bbαβ(x)A
a
µ(y)〉 instead. The only non-vanishing contracting involving
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the B field is with the gauge field A and vice-versa. Hence, looking at the form of the interaction
action (5.9), one sees that the only insertions allowed are those with BAA. Therefore,
〈Bbαβ(x)A
a
µ(y)〉 = 〈B
b
αβ(x)A
a
µ(y)〉0 −
∫
d4z〈Bbαβ(x)A
a
µ(y)(BAA)z〉0 +
+
1
2!
∫
d4zd4w〈Bbαβ(x)A
a
µ(y)(BAA)z(BAA)w〉0 + . . . . (5.17)
As is easily seen in eq. (5.17), the number of A fields due to the insertions is always bigger than
the number of B fields. Therefore, the gauge fields will have to be contracted with some other field
rather than B, resulting in vanishing contributions. Again, this is a consequence of the simplifying
properties of the gauge condition we have chosen. For the explicit form of the topological ghost
tree-level propagator, we refer to [5].
In the same lines of the previous subsection, it is easy to show that the 1PI two-point functions
Γab(χ¯ψ)αβµ and Γ
ab
(BA)αβµ are also tree-level exact. The proof follows by setting ΦA = χ¯
a
αβ and
ΦA = χ¯
b
µν in (5.15) and employing the propagators derived in [5].
Henceforth, all two-point functions of the present model are tree-level exact.
6 Conclusions
In this work we have studied the renormalizability of topological gauge theories [1, 2, 3, 4] in the
light of the algebraic renormalization technique [10]. It was shown that the the most general coun-
terterm, given by expression (3.40), has only one independent renormalization parameter. This is
a novel result compared with the standard literature [9], whose authors found four independent
renormalization parameters. The main reason of such reduction in the number of independent
renormalizations of topological gauge theories is a new symmetry, the bosonic non-linear symmetry
described in (3.16).
The (anti-)self-dual Landau gauges choice (2.7) provides a remarkable rich set of Ward iden-
tities, namely, (3.4), (3.6), (3.7), (3.10), (3.12), (3.14), (3.16) and (3.17). Making use of these
identities, we were able to show that most (connected and vertex) two-point functions are tree-
level exact (see tables 3 and 4). The first exceptions are the Faddeev-Popov and the bosonic ghost
two-point functions, which are equal to each other (see (4.23) and (4.42)). The second exceptions
are the topological ghost and the mixed BA two-point functions, which are also equal to each
other (modulo a minus sign) as characterized by (4.21) and (4.22). Nevertheless, we were able
to show by an explicit perturbative expansion that all exceptions are actually tree-level exact as
well.
The gauge choice of (anti-)self-dual Landau gauges has another remarkable consequence: the
fact that the two-point functions of the topological gluon vanish to all orders in perturbation
theory (see expressions (4.25) and (4.39)), including the tree-level. This property is, perhaps,
the main reason of the tree-level exactness of all two-point functions because a vanishing gauge
propagator would eliminate most of the Feynman diagrams. Essentially, this exceptional feature
is due to a combined effort from the Slavnov-Taylor identity (3.4) and the vector supersymmetry
(3.14), the latter being an exclusive feature of the (anti-)self-dual Landau gauges.
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It could be interesting to explore the three- and four-point functions of topological gauge
theories in the (anti-)self-dual Landau gauges. In this way, one could establish, for instance, the
running behavior of the coupling parameter. Moreover, the link between the present model and a
(non-Wess-Zumino type) supersymmetric N = 2 gauge theory can also be investigated. Another
interesting aspect to analyze are the possible consequences of the exact topological properties in
the corresponding supersymmetric theory. Finally, the Gribov problem in supersymmetric theories
can also be studied under the light of the topological sector. All of these aspects are currently
under investigation.
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A Conventions for Green functions generators
In this section we employ the conventions of Euclidean QFT as in [10]. Let us write the most
relevant relations that we will employ. The Green functional is defined as
Z[J ] = N
∫
DΦe−Σ−
∫
d4zJAΦA , (A.1)
where N = 1/Z[0] is the usual normalization, ΦA stands for all fields, JA are Schwinger sources
introduced for each field and A is a multiple index ranging all fields. The functional measure is
then DΦ =
∏
A dΦ
A. The connected Green functional W [J ] is defined as
e−W [J ] = Z[J ] . (A.2)
Hence, the quantum action (vertex functional) is given by
Γ[Φ] = W [J ]−
∫
d4zJAΦA
∣∣∣∣
ΦA= δW
δJA
, (A.3)
whose inverse reads
W [J ] = Γ[Φ] +
∫
d4zJAΦA
∣∣∣∣
JA=(−1)(gA+1) δΓ
δΦA
, (A.4)
where gA stands for the statistics of the field Φ
A (+1 for fermions and 0 for bosons). And, as
usual,
δW
δJA
∣∣∣∣∣
JA=0
=
δΓ
δΦA
∣∣∣∣∣
ΦA=0
= 0 . (A.5)
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The connected two-point functions will be denoted by
〈ΦA(x)ΦB(y)〉 = −
δ2W
δJB(y)δJA(x)
∣∣∣∣∣
J=0
. (A.6)
In momentum space, we have,
〈ΦA(x)ΦB(y)〉 =
∫
d4p
(2π)4
eip(x−y)〈ΦAΦB〉(p) . (A.7)
For the amputated two-point functions we define
ΓABΦΦ(x, y) =
δ2Γ
δΦB(y)δΦA(x)
∣∣∣∣∣
Φ=0
, (A.8)
and the corresponding Fourier transform reads
ΓABΦΦ (x, y) =
∫
d4p
(2π)4
eip(x−y)ΓABΦΦ (p) . (A.9)
B Proof of Γab(AA)µν(p) = 0
To proof the exact result (4.25), we consider the Slavnov-Taylor identity (3.4) for the vertex
functional Γ,
S(Γ) =
∫
d4z
[(
ψcα(z)−
δΓ
δΩcα(z)
)
δΓ
δAcα(z)
+ . . .
]
. (B.1)
Varying (B.1) w.r.t. ψaµ(x) and A
b
ν(y) we get∫
d4z
[(
δcaδαµδ(z − x)−
δ2Γ
ψaµ(x)δΩ
c
α(z)
)
δ2Γ
δAbν(y)δA
c
α(z)
+ . . .
]
= 0 , (B.2)
which simplifies to
δ2Γ
δAbν(y)δA
a
µ(x)
−
∫
d4z
[
δ2Γ
ψaµ(x)δΩ
c
α(z)
δ2Γ
δAbν(y)δA
c
α(z)
+ . . .
]
= 0 . (B.3)
At vanishing sources and fields (B.3) yields
Γab(AA)µν(x, y)−
∫
d4z
[
δ2Γ
ψaµ(x)δΩ
c
α(z)
δ2Γ
δAbν(y)δA
c
α(z)
]JA=0
ΦA=0
= 0 . (B.4)
Now, to show that the second term in (B.4) vanishes we develop
δ2Γ
ψaµ(x)δΩ
c
α(z)
=
∑
A
∫
d4w
δ2W
δJA(Φ)(w)δΩ
c
α(z)
δJA(Φ)(w)
δψaµ(x)
=
∑
A
(−1)gA+1
∫
d4w
δ2W
δJA(Φ)(w)δΩ
c
α(z)
δ2Γ
δψaµ(x)δΦ
A(w)
. (B.5)
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Evoking the dFPs, the only fields ΦA that may generate non-vanishing two-point functions are
the fields with ghost number −1. Hence
δ2Γ
ψaµ(x)δΩ
c
α(z)
=
∫
d4w
[
δ2W
δJd(c¯)(w)δΩ
c
α(z)
δ2Γ
δψaµ(x)δc¯
d(w)
+
δ2W
δJd(η¯)(w)δΩ
c
α(z)
δ2Γ
δψaµ(x)δη¯
d(w)
+
+
δ2W
δJd(χ¯)σγ(w)δΩ
c
α(z)
δ2Γ
δψaµ(x)δχ¯
d
σγ(w)
]
. (B.6)
At vanishing sources and fields, this last expression reads
δ2Γ
ψaµ(x)δΩ
c
α(z)
=
∫
d4w
[
〈Dceα c
e(z)c¯d(w)〉Γda(c¯ψ)µ(w, x) + 〈D
ce
α c
e(z)η¯d(w)〉Γda(η¯ψ)µ(w, x)+
+ 〈Dceα c
e(z)χ¯dσγ(w)〉Γ
da
(χ¯ψ)σγµ(w, x)
]
. (B.7)
It is easy to see, from the BRST transformations (2.6) and (2.8), that the above composite
propagators can be written as (omitting the spacetime dependence and indices)
〈Dcc¯〉 = −〈s(Ac¯)〉+ 〈ψc¯〉+ 〈Ab〉 = 〈ψc¯〉+ 〈Ab〉 ,
〈Dcη¯〉 = −〈s(Aη¯)〉+ 〈ψη¯〉 = 〈ψη¯〉 ,
〈Dcχ¯〉 = −〈s(Aχ¯)〉+ 〈ψχ¯〉+ 〈AB〉 = 〈ψχ¯〉+ 〈AB〉 , (B.8)
where the known fact that the expectation value of BRST exact quantities are zero was used (see,
for instance, [10, 13, 14] and references therein). Moreover, due to (4.35) and (4.45), we get
〈Dcc¯〉 = 〈Ab〉 ,
〈Dcη¯〉 = −〈s(Aη¯)〉+ 〈ψη¯〉 = 〈ψη¯〉 ,
〈Dcχ¯〉 = 0 , (B.9)
Hence,
δ2Γ
ψaµ(x)δΩ
c
α(z)
=
∫
d4w
[
〈Acα(z)b
d(w)〉Γda(c¯ψ)µ(w, x) + 〈ψ
c
α(z)η¯
d(w)〉Γda(η¯ψ)µ(w, x)
]
=
∫
d4w
[
〈Acα(z)b
d(w)〉 − 〈ψcα(z)η¯
d(w)〉
]
Γda(c¯ψ)µ(w, x)
= 0 , (B.10)
where, in the second line, we used the fact that Γda(c¯ψ)µ(w, x) = −Γ
da
(η¯ψ)µ(w, x) (see (4.13) and
(4.24)). In the third line, the relations (4.31) and (4.33) were employed. Therefore, we finally
achieve
Γab(AA)µν(x, y) = 0 , (B.11)
as we wanted to show.
24
References
[1] S. K. Donaldson, “An application of gauge theory to four-dimensional topology”.
Journal of Differential Geometry 18 no. 2, (1983) 279–315.
[2] E. Witten, “Topological quantum field theory”.
Communications in Mathematical Physics 117 no. 3, (Sep, 1988) 353–386.
[3] D. Birmingham, “Topological field theory”.
Physics Reports 209 no. 4-5, (Dec, 1991) 129–340.
[4] L. Baulieu and I. Singer, “Topological Yang-Mills symmetry”.
Nuclear Physics B - Proceedings Supplements 5 no. 2, (Dec, 1988) 12–19.
[5] R. Brooks, D. Montano, and J. Sonnenschein, “Gauge fixing and renormalization in
topological quantum field theory”. Physics Letters B 214 no. 1, (Nov, 1988) 91–97.
[6] R. Myers, “Gauge fixing Topological Yang-Mills”.
International Journal of Modern Physics A 05 no. 07, (Apr, 1990) 1369–1381.
[7] D. Birmingham, M. Rakowski, and G. Thompson, “Renormalization of topological field
theory”. Nuclear Physics B 329 no. 1, (Jan, 1990) 83–97.
[8] M. de Oliveira, “Algebraic renormalization of the topological Yang-Mills field theory”.
Physics Letters B 307 no. 3-4, (Jun, 1993) 347–352.
[9] A. Brandhuber, O. Moritsch, M. de Oliveira, O. Piguet, and M. Schweda, “A renormalized
supersymmetry in the topological Yang-Mills field theory”.
Nuclear Physics B 431 no. 1-2, (Dec, 1994) 173–190, arXiv:hep-th/9407105.
[10] O. Piguet and S. P. Sorella, Algebraic Renormalization, vol. 28 of Lecture Notes in Physics
Monographs. Springer Berlin Heidelberg, Berlin, Heidelberg, 1995.
[11] N. R. F. Braga and C. F. L. Godinho, “Extended BRST invariance in topological
Yang-Mills theory revisited”. Phys. Rev. D61 (2000) 125019.
[12] F. Fucito, A. Tanzini, L. C. Q. Vilar, O. S. Ventura, C. A. G. Sasaki, and S. P. Sorella,
“Algebraic Renormalization: perturbative twisted considerations on topological Yang-Mills
theory and on N=2 supersymmetric gauge theories”. in 1st School on Field Theory and
Gravitation Vitoria, Brazil, April 15-19, 1997. arXiv:hep-th/9707209.
[13] C. Becchi, A. Rouet, and R. Stora, “Renormalization of Gauge Theories”.
Annals Phys. 98 (1976) 287–321.
[14] T. Kugo and I. Ojima, “Local Covariant Operator Formalism of Nonabelian Gauge Theories
and Quark Confinement Problem”. Prog. Theor. Phys. Suppl. 66 (1979) 1–130.
25
